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Abstract 

The purpose of this paper is to give an effective construction for 
some induced structures on spheres or product of spheres of codimen- 
sion 1, 2 and 3, respectively, in Euchdean space endowed with an almost 
product structure. 



1 Introduction 

Let {M,g) be a Riemannian manifold equipped with a Riemannian metric 
tensor g and a (1,1) tensor field P such that 

(1.1) P^ = el, 

where / is the identity on M and e = ±1. We suppose that g and P are 
compatible in the sense that we have 

(1.2) g{PU,PV)=g{U,V), 
which is equivalent to 

(1.3) g{PU,V) = eg{U,PV), 

for each U,V (z xi^), where xi^) is the Lie algebra of the vector fields on 
M. 

For e = 1 we obtain that P is an almost product structure and the Rie- 
mannian manifold {M,g,P), with the compatibility relation (1.2), becomes 
an almost product Riemannian manifold. 

Let M be a n-dimensional submanifold of codimension r (n, r € N*) in a 
Riemannian manifold {M,g,P) which satisfied the relations (1.1) and (1.2). 

We note the tangent space of M in a point x G M by Tx{M) and the 
normalspaceof Minx by T^(M). For a € {1, ...,r}, let (iVi, A^^) := {N^) 
be an orthonormal basis in T^f (M), for every x G M. 

Li the same manner like in [T] and [7], we construct the {a,e)f Rie- 
mannian structure, which is a structure {P, g, eS,a,Ua, {aai3)r), induced on 
a submanifold M in a Riemannian manifold {M,g,P) (P and g verify the 
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relation (1.1) and (1.2)), where P is an (l,l)-tensor field on M, g is the in- 
duced metric on submanifold M, ^q, are tangent vector fields on M, Ua are 
1-forms on M and {aap)r is a r x r matrix of real functions on M. 

The (a, e)/ Riemannian structure induced on M by the P structure on 
{M,g) (which verifies the relations (1.1) and (1-2)) is a generalization of the 
almost r-paracontact Riemannian structure ([3]). The case of the (o, — 1)/ 
Riemannian structure was studied by K. Yano and M. Okumura (in [T7] and 

[IE]). 

2 (a, e)/ Riemannian structure 

Let M be a n-dimensional submanifold of codimension r (n, r E N*) in a 
Riemannian manifold {M,g), equipped by an (l,l)-tensor field P, such that 
g and P verify the conditions (1.1) and (1.2). The decomposition of vector 
fields PX and PN^, respectively, in the tangential and normal components 
on the submanifold M in M has the form: 

r 

(2.1) PX = PX + ^tx„(X)7V„, 

a=l 

for every X € xi^) 

r 

(2.2) PiV„ = eCa + Yl «"/3^/3' = ±1) 

(5=1 

for every a G {l,...,r}. 

We use the notation a := {aaf3)r for the matrix which result from the 
relation (2.2). 

Definition 2.1. An {a,€)f Riemannian structure on a n-dimensional sub- 
manifold M of codimension r (n,r & N*^ in a Riemannian manifold {M,g) 
is a structure (P, g, e^a-,Ua-, {0'a(3)r) induced on M by the structure {P,g) from 
M (where g and P verify the conditions (1.1) and (1.2)). 

Theorem 2.1. (^1]) Let M he a n-dimensional submanifold of codimension 
r (n,r ^ N*j in a Riemannian manifold {M,g), equipped by an (l,l)-tensor 
field P, such that g and P verify the conditions (1.1) and (1.2). The struc- 
ture {P,g) induces on the submanifold M a {a,e)f Riemannian structure, 
which verifies the following properties: 
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(u) Ua{PX) = - Y43=l afSaUfsiX), 

{in) aai3 = ea/sa, 

(iv) Uaiip) = 5af3- e Yll,=i ^a^a^p-, 

(2.3) { {v) P^a = - E/3=l aal3^f3, 

{vi) Ua{X) = g{X,Ca), 
{vii) g{PX,Y) = eg{X,PY), 
{vin)g{PX,PY)=g{X,Y)- 
-El=iMXW{Y) 

for any X,Y & x(^) '^'^'^ a, /? G {1, r}. 

Remark 2.1. From {2.3){i), (v), (vi) we obtain 

r 

(2.4) P^X = ePX+ ao,p9{X,ip)ia 

a,p=l 

for every X G x(M). 

Let V and V be the Levi-Civita connections defined on M and M re- 
spectively, with respect to Ij and g respectively. 

Definition 2.2. If {M,g,P) is an almost product Riemannian manifold 
such that VP = 0, then we say that M is a locally product Riemannian 
manifold. 

The Nijenhuis torsion tensor field of P has the form Np{X, Y) = [PX, PY] + 
Y] - P[PX, Y] - P[X, PY] for any X,Y ex{M). As in the case of an 
almost paracontact structure ([IH])) one can defined the normal (P, g, Ua,(,a, («a/3)r) 
structure on M. 

Definition 2.3. If we have the equality 

(2.5) Np{X,Y)-2Y,dua{X,Y)^^ = 0, 



for any X,Y £ x(^)j then the (a, l)f induced structure on submanifold M 
in a Riemannian almost product manifold (M, g, P) is said to be normal. 

Theorem 2.2. (^) Let M be an n-dimensional submanifold of codimension 
r in a locally product Riemannian manifold {M,g,P) and we suppose that 
the normal connection V"*" vanishes identically. If the determinant of the 
matrix (Ir — a^) does not vanish in any point x G M, then the (a, 1)/ induced 
structure on M is normal if and only if the (1,1) tensor field P commutes 
with the Weingarten operators Aa (for every a G {1, ...,r}). 
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Remark 2.2. If the submanifold M in M is totally umbilical, then the 
commutativity between the (1,1) tensor field P and the Weingarten operators 
Aa (for any a G {1, ■■■,r}) has taken place. Therefore, if the determinant of 
the matrix (1^ — a^) does not vanish in any point x & M then the (a, 1)/ 
induced structure on a totaly umbilical submanifold is normal. 

3 Examples of (a, 1)/ Riemannian structures on 
spheres or product of spheres in EucHdean space 

We suppose that the ambient space is ^^^p+'J (p, q g N*) and for any point 
of E'^P'^i we have its coordinates: 

{x\...,xP,y\...,yP,z\...,zi) := ix\y\z^) 

where i G {l,...,p} and j G {l,...,q}. The tangent space Tx{E'^P'^'^) is 
isomorphic with E'^P'^'^. 

Let P : _^ ^'^p+q almost product structure on £'^^+5 such that 

(3.1) P{x\...,xP,y\...,yP,z\...,zi) = 

= iy\...,yP,x\...,xP,sz\...,8z'^) 

where e = ±1. Thus, (P, < >) is an almost product Riemannian structure 
on E^P+1. 

Example 1. In this example, we construct an (a, l)/-structure on the 
sphere S'^p+i-'^{R) ^ E'^p+i. The equation of sphere S'^p+i-'^{R) is 

(3.2) j2i-'f+i2(y')" + i2(^')" = R" 

i=l i=l j=l 

where R is its radius and (x^, xP, y^, yP, z^, z') are the coordinates 
of any point of S^P'^'^~^ {R) . We use the following notations 

(3.3) j:ixr = rl j^iy-f = rl Y^iz^f = rl 

i=l i=l j=l 

and + rl = r^. Thus, we have + = R^. We remark that 

(3.4) Ni:=^{x\y\z^), i e 1, ...,p,j E {1, ...,q} 
is a unit normal vector field on sphere S^p^'^^^{R) and 

(3.5) Pm = hy\x\sz^) 



4 



For a tangent vector field X on S"^^"*"^ ^(i?) we use the following notation 

(3.6) X = {X^,...,XP,Y\...,YP,Z^,...,Zi) := {X\Y\Z^) 
Hence we have 

p p q 

(3.7) ^x'X' + ^y'Y' + Y,z^Z^ = 

i=l 1=1 j=l 

If we decompose PNi in the tangential and normal components at sphere 
S^P+i-^{R), we obtain 

(3.8) PNi=l + auNi 

where an =< PNi,Ni >. If we use the following notation 

(3.9) o = j^xY 

i=l 

we obtain 

(3.10) an = 



Prom (3.8) we obtain the tangential component of PNi at sphere 5'^P+^~^(i?): 

(3.11) £=— (y* t^^V, 7^ z^) 

for i G {1, ...,^9} and j G {1, g}. 

If we decompose PX in the tangential and normal components at sphere 
52^+9-1 (where X is a tangent vector field at S'^P+^~-^(i?)), we obtain 

(3.12) PX = PX + u{X)Ni 
Prom u{X) =< X,1> and (3.7) we obtain 

(3.13) u{X) = L[j2{x^Y^ + y'X^)+ej2^'Z^] 

i=i j=i 

Prom PX = PX - u{X)Ni we obtain 

(3.14) PX = (Y^ - - ^y\sZ^ - ^z^) 

where X := {X\Y\ Z^) is a tangent vector at sphere in any point (x\ y', z^) 
and u{X) was defined in (3.13). 
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Therefore, from the relations (3.10), (3.11), (3.13), (3.14) we have a 
{P, <>, ^, u, ail) induced structure by P from on the sphere S'^P^'^^^{R) 

of codimension 1 in Euchdean space i?^^"*""?. We use the following notation 
a := ail. If oii 7^ 1 in every point of S'^p~^'^~^ (R) , from the Theorem 2.2 
we obtain that the structure (P, <>,^,u, a) is an (a, 1)/ normal structure, 
because S'^p^'^^^{R) is a totally umbilical hypersurface in S^p+'S' and from 
this we have that the tensor field P commutes with the Weingarten operator 
A. 

Example 2. In this example, we construct an (a, l)/-structure on the 
product of spheres S^^~^{r) x S"^^^(r3). 

Let {p, q € N*) be Euchdean space {p,q G N*) endowed with an 

almost product Riemannian structure P defined in (3.1). It is obvious that 
£;2p+<j _ j^2p ^ jjjq each of spaces E'^p and E"^ respectively, we can get a 

hypersphere52p-i(r) = {{x\ ...,xP ,y\ ...,yP),Y.Pi^-^{{x'f + iy')'^) = r^} and 
Si~^{r3) = {{z^, •••) •2'^)) Z]j=i(-2^"')^ = ^3} respectively, where + rg = i?^. 
We construct (in the same manner like in [8] or [7]) the product mani- 
fold S^P-'^{r) X S'-'-^rg). Any point of S2p-i(r) x ^''-^(ra) has the coordi- 
nates {x^ , xP , ...,yP , , z"^) := (x*, y*, z-') which verifies (3.3). Thus, 
S'^P~^{r) X 5"^~^(r3) is a submanifold of codimension 2 in E'^P'^'^. Further- 
more, S'^P~^{r) X S'^~^{r3) is a submanifold of codimension 1 in S'^p^'^~^ {R) . 
Therefore we have the successive imbedded 

S^P~\r) X S'^-\r3) ^ S^p+''-\R) ^ E^p+i 

The tangent space in a point (x*, y*, z^) at the product of spheres S'^P~^{r) x 
S^-^ra) isT^,i_,,^yi_y,^o,...,o)S^''~Hr)(BT^o,...,o,z\...,z^)S'-Hr3). 

A vector {X^ , XP , ...,YP) from T(^x\...,xP,y\...,yp)E'^'^ is tangent to 
5^^"^(r) if and only if 

p p 

(3.15) ^x^X* + ^y*r = 

and it can be identified by (X^, X?, F^, yP, 0, 0) from E'^p+i. A 

q 

vector (Z^, .■.,Z'^) from T'(2i,...,z<7)-E'^ is tangent to S''^~"'^(r3) if and only if 

q 

(3.16) Y,z^Z^ = 

i=i 

and it can be identified by (0, 0, Z^, Z"?) from E'^p^'^. Consequently, 

2p 

for any point {x\y\z^) G ^^^-^(r) x S'^'^irs) we have (X\y*,ZJ) G 
^(xi,...,a;p,yi,...,yp,^i,...,29)('S'^^~^('^) ^^'''^^(rg)) if and Only if the relations (3.15) 
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and (3.16) are satisfied. Furthermore, we remark that (X*, Y^, Z^) is a tan- 
gent vector field at S^P'^'^~^{R) and from this it follows that 

^(.^,^..)(52f-l(r) X si-\rs)) c r(,.,,.,,,)52f+^-i(i?), 

for any point {x'^,y^,z^) G S'^P^^(r) x S'^^^{rs). 

The normal unit vector field Ni at S'^^~^'^~^ (R) is also a normal vec- 
tor field at {S^P~^{r) x S'^~^{r3)), when it is considered in its points. We 
construct an unit vector field N2 on g'^p+g-i^ ^j^g relation 

(3.17) N2 = ^C-^x\^-^y\--z^) 

R r r rs 

We remark that A^2 is orthogonal on A'^i. Prom (3.15) and (3.16) we ob- 
tain that N2 is orthogonal at S'^P~'^{r) x ^^-^(rs). Thus, (iVi,iV2) is an 
orthonormal basis in ^j-^S'^^~^ (r) x ^^"^(ra) in any point {x^,y'^,z^) G 

52p-i(r) X 5«-i(r3). 

From the decomposed of -PA^fc in tangential and normal components at 
S^P-^{r) X Si-^irs), we obtain 

(3.18) = + aaiNi + aa2N2, ae{l,2}. 

ail was defined in (3.10). From (2.3) (iii) we have ai2 = 021 and from 
Oa/? =< PNa,N/3 > {a,/3 e {1,2}), we obtain 

/O1o^ (2(7 - £r^)r3 

(3.19) ai2 = 021 = ^ 

and 

2(7r? -I- £r^ 

(3.20) a22 = 

From (3.18), (3.19), (3.20) and (3.10) we obtain 

(3.21) ^^ = hyi_^^^^^^_'^y^^O)_ 

R 



and 



(3-22) ^2 = ^(y^-^:.^x^-^y^0). 



Therefore, the matrix a := (00-/3)2 is given by 

( 2cr+£r| (2o--£r^)r3 ' 
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Prom the decomposed of PX in tangential and normal components at 
S'^P~^{r) X S'^~^(r3) (where X := (X*,y,Z^) is a tangent vector field on 
S^P-^{r) X S^-^rs)), we obtain 

(3.24) PX = PX + ui(X)A^i + U2{X)N2. 
We use the following notation 

p 

(3.25) T:=J2i^'^' + y'^') 

1=1 

Prom UaiX) =<X,^a> (with a G {1,2}) and (3.15) we obtain 

(3.26) ^i(^) = ^' ^2^ = ^ 

for any tangent vector X on iS'^^~-'^(r) x S'^~^{rs) in a point (x*,y*,2;*) G 
S'^*'~^(r) X S'''j^(r3). From (3.24) and (3.26), we obtain the tangent compo- 
nent PX of PX on S'^P~^{r) x ^^"^(ra), which is given by 

(3.27) PX = {Y' - X' - sP) 

Consequently, we obtain the {P, <>,^i,^2,ui,U2,a) induced structure on 
the product of spheres S'^*'~^(r) x ^"^"^(rs) by the almost product Rieman- 
nian structure (P, <, >) which is an (a, 1)/ Riemannian structure induced 
on the submanifold S^P~^{r) x S'^~^{rs) of codimension 2 in Euclidean space 

Example 3. In this example, we construct an (a, l)/-structure on the 
product of spheres SP-^{ri) x SP-^{r2) x ^"^"^(rs). 

Let E^P'^^i be the Euclidean space endowed with an almost product 
Riemannian structure P which was defined in (3.1). We have E'^p+i = 
EP X EP X E'l and in each of spaces EP we can get a hypersphere 



(3.28) SP-\n)={{x\...,xP), J2i^'? = rl}, 

i=l 

and 

(3.29) SP-\r2) = {{y\ Y.{y'f = ri}, 

i=l 

respectively, with the assumption that + = r^. 

We construct the product manifold S'P^^(ri) x 5^~^(r2) x ^^"^(rs). 
Any point x of SP~^{ri) x SP^^{r2) x S'^~^{rs) has the coordinates 

{x\...,xP,y\...,yP,z\...,zi) := {x\y\z^) 
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which verifies (3.3). Thus, SP~^{ri) x SP~^{r2) x S"^~^(r3) is a submanifold 
of codimension 3 in E'^p^i. Furthermore, SP~^{ri) x SP^^{r2) x S'^~^{r3) is 
a submanifold of codimension 1 in S'^^^^(r) x <S"'^^(r3) and a submanifold of 
codimension 2 in S'^p~^'^~^ (R) . Therefore, we have the successive imbedded 
SP-\ri) X SP-\r2) X S^-^ra) ^ S^P-^{r) x S'^-^rs) ^ S^p+i-\R) ^ 

The tangent space in a point x := (x^,y^,z^) at the product of spheres 
^P-^n) X SP-^{r2) X 5''-^(r3) is 

Ti.imS'-\n) ® ^o,y^o)S''-\r2) e T(o,o,..).S''-'(r-3) 

where (x*, 0, 0) is a notation for {x^, ...,xP,0, ...,0), (0, y*, 0) is a notation for 

p+q 

(0, ...,0,y^...,^/^',0,...,0) and (0,0, z-?) is a notation for (0, 0, 2^ z-^). 

p q 2p 

A vector (X^, X^) from T^^.!^ is tangent to SP~'^{ri) if and only 

if 

p 

(3.30) ^ ar^X* = 

i=l 

and it can be identified by (X^, ...,XP,0, ...,0) from E'^p+i. 

p+q 

A vector (y^, YP) from Tf^yi^^ ^^yp-^EP is tangent to 5*'~^(r2) if and only 

if 

(3.31) ^yiy^ = 

i=l 

and it can be identified by (0^^^, r^ F^, 0^^^) from E^p+i. 

p q 
Consequently, for any point {x^,y'',z^) G SP~^{ri) x SP'^{r2) x ^'^"^(rs) 
we have 

{X\Y\Z^) G r(,.,,.,,,)(5^'-^(ri) X SP-\r2) x S^-^(r3)) 

if and only if the relations (3.16), (3.30) and (3.31) arc satisfied. Further- 
more, wc remark that (X^ ,Y'\ Z^) is a tangent vector field at the product 
of spheres S'^P~^{r) x S'^~^{r3) and at S'^p~^'^~^ (R) , respectively. Thus, it 
follows that 

T^,i,yi,,^){SP-\r,) x SP-\r2) x S'^'Hrs)) C T^,,^y,^,,){S^P-\r) x SI-^ts)), 
for any point {x\y\z^) G SP'^in) x 5P-Hr2) x S"'-^(r3). 

The normal unit vector fields A^i and at {S'^P~^{r) x 5'^~^(r3)) are 
also normal vector fields at {SP~^{ri) x {SP~^{r2) x 5'^^^(r3)), when they are 
considered in its points. We construct a unit vector field Ns by the relation 

(3.32) N3 = -C-^x\-^-^y\0) 

r r\ r2 
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We remark that N3 is orthogonal on A^^i and N2, respectively. Further- 
more, from (3.16), (3.30) and (3.31) wc obtain that is orthogonal at 

SP-'^in) X SP-'^in) X ^^-^(rs). Thus, (iVi, A^2, A^s) is an orthonormal ba- 



sis m 



Tii*,y*,z^)S''~Kn) X SP~Hr2) X 5«-Hr3) in any point ix\y\z^ 



SP-\ri) X SP-\r2) X Si-^n). 

Prom the decomposed of PN^ (with a G {1,2,3}) in the tangential and 
normal components at SP~^{ri) x SP~^{r2) x S'^~^{rs), we obtain 



(3.33) 



for every a G {1,2,3}. From (3.10) we have an, from (3.19) we have ai2 = 
a2i and from (3.20) we have 022- Furthermore, from (2.3) (zii) we have that 
013 = 031 and 023 = 032. 
It is obvious that 

(3.34) aap=<PNa,Np>, (a, /? G {1, 2, 3}). 

From this, we have 



(3.35) 



ai3 = 031 



rir2rR 



(3.36) 

and 

(3.37) 

From (3.33) we obtain 



(r| - rf)r3 
0,23 = O32 = TT^cr 



rir2r^R 



(3.38) 
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2a 

"33 = --J 



(3.39) 

and 
(3.40) 



^2 = ^iy'-^x\x' 
rR rf 



a 



1 £7 j ri j r2 j i n\ 

6 = - y\—x' y\0). 

r rir2 r2 ri rir2 



Therefore, the matrix a := (0^/3)3 is given by 

/ 2a+s4 (2a-£r^)r3 rj-rj \ 

(3.41) a = 



(2o--£r^)r3 

rH^ rir-zrR 

(2g-£r^)r3 2g-rg+£-r^ (r|-r^)r3 

r?-r? (r|-r^)r3 



2(T , 

/ 
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Prom the decomposed of PX in tangential and normal components at the 
product of spheres SP-^{ri) x SP-^{r2) x S^-^irs) (where X := {X\Y\Z^) 
is a tangent vector field on 5^~^(ri) x S'^~^(r2) x S'^~^{rs)), we obtain 

(3.42) PX = PX + ui{X)Ni + U2{X)N2 + uz{X)Nz. 

From {2.2>){vi) we have Ua{X) =< X,£,a > (with a € {1,2,3}) and using 
(3.37) and (3.38) we obtain 

(3.43) u,{X) = ^, 



(3.44) U2{X) = ^ 

and respectively 



(3.45) usiX) = ip^x^y^ -Hj^y'X^]. 

j=l i=l 

for any tangent vector X := (X*,y*,Z-^) in any point {x^,y^,z^) on the 
product of spheres SP-^{ri) x SP~'^{r2) x ^^-^(ra), with the notation (3.25) 
for T. From (3.42), (3.43), (3.44) and (3.45), we obtain the tangent compo- 
nent PX of PX in any point {x\y\z^) on 5^"^^) x SP-^{r2) x 5«-^(r3), 
which has the form 

(3.46) PX = {Y' - x\ X' - y\ eZ^) 

Consequently, we obtain the induced structure (P, <>, ^^i, ^^2, Csi ^ii ^2, ^^3, {o-aj})^) 
on S'^'~^(ri) X S'^'~^(r2) x S'i~^{r^) by the almost product Riemannian struc- 
ture (P, <>), which is an (a, 1)/ Riemannian structure induced on the prod- 
uct of spheres SP-^{ri) x SP-^{r2) x Si-'^{n) in E'^P+'i. 

Remark 3.1. // we consider the almost product structure on given 
by P : E^p+i, 

P{x\...,xP,y\...,yP,z\...,z^) = 

= iy^,...,y^,x^,...,xP,£iz^,...,eqz'i) 

where Sj = ±1 (for every j G {1, q}), we obtain a generalization of {a, l)f 
induced structures defined in examples from above. 
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